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Consider a resistive network 91 consisting of a directed connected graph 
of n nodes and b branches, B,, . . , B, with resistance rj > 0 in branch 
Bj. It is assumed that each branch has distinct nodes. 
Chains and cochains on ‘% have real coefficients. Let R denote the 
resistance operator; it sends one-chains to one-cochains : 
Here 
R(B,) = yiBi’, R : &;,(Yt) + al(%). 
(Bi’, Bj) = ~3,~. 
The main existence and uniqueness theorem (for voltage sources) 
asserts the following : 
Given a cochailz (voltage sowce) E’, there exists a wzique chain (current) 
I satisfying 
~31 = 0 (i.e., I is a cycle), (1) 
for each cycle Z, (E’, Z) = (R(I), Z). (2) 
Relations (1) and (2) are statements of Kirchhoff’s current and voltage 
laws respectively. 
For each E’ in @, let S(E’) be the resulting current I. Thus 
where 31 denotes the cycle space. By the uniqueness, SR = I, the identity 
on 31. 
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Let pj denote the driving-point resistance across the terminals of branch 
Bj. Foster’s averaging formula [l] asserts 
The original proof was based on Kirchhoff’s “third law”. See Weinberg 
[Z] for a detailed exposition. I shall give another proof based on a trace 
argument. 
Write 
S(B,‘) = i sijB,. 
j=l 
Then 
Hence 
But 
RS(B,‘) = 2 siyjBj'. 
j=l 
tr(RS) = 5 siiri. 
i=l 
tr(RS) = tr(SR) = tr(identity on 34 
= dim(&) = b - n + 1, 
consequently 
sg siiyi = b - n + 1. 
This is the essence of Foster’s formula. For remove Bi from the network 
and let ti denote the driving-point resistance of the remainder of the 
network between (what were) the terminals of Bi. 
Then 
by the rule for parallel connections, and 
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1 = Sii(Yi + ti) 
by the rule for series connections plus the fact that sii represents the 
current in Bi when there is a one volt source in B, but no other sources. 
Eliminate : 
and sum: 
7i Pi yisii 2 ~ = - = 
Yi + ti ti 
This easily yields Foster’s formula. 
The formula is also true for (Laplace transforms of) impedances in 
RLC networks without mutual inductance. The only change necessary 
in the above argument is that the real coefficients must be replaced by 
rational functions. 
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